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Abstract. We give explicit constructions of all the numerical 
Campedelli surfaces, i.e. the minimal surfaces of general type with 
K"^ = 2 and pg — 0, whose fundamental group has order 9. There 
are three families, one with tt^® = Zg and two with = ^i- 

We also determine the base locus of the bicanonical system of 
these surfaces. It turns out that for the surfaces with nf^ = Zg 
and for one of the families of surfaces with tt^'* = Z| the base 
locus consists of two points. To our knowlegde, these are the only 
known examples of surfaces of general type with > 1 whose 
bicanonical system has base points. 
2000 Mathematics Subject Classification: 14J29. 



1. Introduction 

A numerical Campedelli surface is a minimal surface of general type 
with = 2 and Pg = 0. It is known (cf. |BPHVl Chap. VII. 10]) 
that the algebraic fundamental group vrf ^ of such a surface is finite, of 
order at most 9. In this paper, we construct explicitly all the numerical 
Campedelli surfaces with |vrf^| = 9. 

For this, given a surface S as above, we consider its universal cover 
Y ^ S. Assume for simplicity that Ks is ample. Then by results 
of Konno ([Koj) the canonical map of Y is an isomorphism and Y is 
the intersection of a normal threefold C P'' of degree 5 or 6 with 
a cubic hypersurface. Using Fujita's classification of these threefolds 
( |Fuli[Fu2llFu3j ). we prove that in our situation W actually has degree 
6 and that there are three possibilities for W, each giving rise to a 
family of numerical Campedelli surfaces with algebraic fundamental 
group of order 9 (Theorem 13.11) . 

More precisely (cf. §3), there is an irreducible family of dimension 6 
of numerical Campedelli surfaces with tt^^ = Zg, and two irreducible 
families, of dimension respectively 7 and 6, of numerical Campedelli 
surfaces with nf^ = Z|. Recall that the expected number of moduli of 
a numerical Campedelli surface is 6; as far as we know, these are the 
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only known examples in which the dimension of the moduli space is 
greater that the expected one. 

Furthermore we prove (Theorem 14.21) that the moduli space of these 
surfaces has exactly two connected components, both irreducible, cor- 
responding to nf^ = Zg and nf^ = Z3. We also show that for all 
these surfaces nf^ coincides with the topological fundamental group 
(Theorem 14.31) . 

We determine also the base locus F of the bicanonical system \2Ks\ 
(Theorem 14. 4p . If ttI^{S) = Zg, then F consists of two points. If 
7rf^(S') = Z3, then F is empty in general but there is a codimension 1 
subvariety of the moduli space where F consist of two points. This fact 
is quite surprising. Indeed, excluding the case K"^ = 1, = in which 
\2Ks\ is a pencil, the bicanonical map of a minimal surface of general 
type is generically finite ( [X2j ) and, by the work of various authors (cf. 
jCij). it is known to be a morphism if either > or > 4. To our 
knowledge, the examples presented here are the only known surfaces of 
general type with > 1 whose bicanonical map is not a morphism. 

The paper is organized as follows. In §2 we establish some preliminar- 
ies. In §3 we state the classification theorem (whose proof will be given 
in §5) and describe in detail the three families of Campedelli surfaces 
with TT^^ of order 9. In §4 we study the moduli and the bicanonical 
system of such surfaces and finally in §5 we prove the classification 
theorem. 

Notation We work over the complex numbers. All varieties are pro- 
jective algebraic. All the notation we use is standard in algebraic ge- 
ometry. We just recall the definition of the numerical invariants of 
a smooth surface S: the self-intersection number Kg of the canoni- 
cal divisor Ks, the geometric genus Pg{S) := h^{Ks) = h'^{Os), the 
irregularity q{S) := /^^(i^^) = h^{Os) and the holomorphic Euler char- 
acteristic x{S) := 1 +^£,(5') — q{S). 

Acknowledgments We are very grateful to Miles Reid for all his 
suggestions (mathematical, linguistic, typographical), which improved 
substantially the presentation of this paper. In particular we wish to 
thank him for pointing out the unified presentation of surfaces of type 
Bl and B2 fseeM. 

We are also indebted to the referee for his thorough reading of the 
paper and for suggesting further improvements of the presentation. 

2. Set-up and preliminaries 

Here we establish the notation and recall or prove some facts that 
we use throughout all the paper. 

Let S denote a numerical Campedelli surface, i.e. a minimal pro- 
jective surface of general type with = 2 and Pg{S) = (and so 
q{S) = 0) and let G denote the algebraic fundamental group of 5". 
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Proposition 2.1 ( [Re2j . cf. [MP2j ). The group G is finite, of order 
< 9. 

We assume from now on that G has order 9 and we consider the 
corresponding etale G- cover tt: Y ^ S. 

Proposition 2.2. (i) Y is a smooth minimal surface of general 
type with K^ = 18, pg(Y) = 8, q{Y)=0, hence K^ = 3pg(Y) -6; 
(ii) the canonical map (f.Y^F'^is birational onto its image V. 

Proof. Since vr is etale, Y is smooth and Ky = t^*Ks is nef and big. 
Hence Y is minimal of general type and Ky = 9/^1 = 18, x(X) = 
9x(>S') = 9. By Proposition 12.11 we have n^^iY) = and thus, in 
particular, q(Y) = 0. It follows that Pg(Y) = 8 and so Ky = 3pg(Y)—6. 

Suppose that the canonical map of y is not birational. Then, by 
[Koj . ip is generically finite of degree 2 and its image is a ruled surface, 
which is rational by the regularity of Y. But then, by |Bet Cor. 5.8] (cf. 
[MP21 Proposition 4.1]), G = Zg, contradicting the assumption that G 
has order 9. □ 

Conversely one has: 

Proposition 2.3. Let V be a surface with canonical singularities and 
ample Ky, and with Ky = 18, PgiV) = 8, q{V) = 0; let G be a group 
of order 9 that acts freely on V. 

Then the quotient surface S := V/G is the canonical model of a 
numerical Campedelli surface with Tif^ = G. 

Proof. Since the quotient map p: V S is etale, S has canonical 
singularities and Ky = p*Ks. Since Ky is ample, Ks is also ample, and 
therefore S is the canonical model of a surface of general type. Since 
p is etale, we have Kg = Ky/9 = 2, x{S) = x{V)/9 = 1. In addition, 
q{S) = since q{V) = 0, and thus Pg{S) = 0. Let S' ^ S andY 
be the minimal resolutions. The surface S' is a numerical Campedelli 
surface and the map p: V ^ S induces an etale map p': Y S' with 
Galois group G. Therefore there is a surjection 7rf^(S") G. By 
Proposition 12.11 this is actually an isomorphism. □ 

The next result is needed in §3 to explain the choices of linearization 
in the construction of the examples. It is well known to experts (cf. 
|Re2] ) ■ but we recall it here for lack of a published reference. 

Proposition 2.4. The representation of G onH^{Y,KY) decomposes 
as the direct sum of the 8 nontrivial characters ofG. 

Proof. Let x ^ G** be a character of G and C H^{Y,Ky) the cor- 
responding eigenspace. There is a natural isomorphism G* Tors S, 
the torsion subgroup of Pic S, which induces a natural identification 
= if°(S', Ks + rj^), where rj^ is the line bundle associated to x ^ G*. 
Notice that Vi = {0}, since we have Pg{S) = 0. By Proposition 12.11 
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there is no irregular etale cover of S, hence for every t] G Tors S we have 
h^{S, rf) = 0. Since x{S) = 1, Serre duahty gives h'^{S, Ks + 7]) = 1 for 
every t) G TorsS' \ {0}, i.e. dim = 1 for every % G G* \ {0}. □ 

3. The classification 

The main result of this paper, which will be proven in ^ is the 
following classification theorem: 

Theorem 3.1. Let S he a numerical Campedelli surface with nf^i^S) 
of order 9. Then: 

(i) ifirf^^S) = Zg, then S is a surface of type A (cf. §5*. 

(ii) ifTif^iS) = Zj, then S is a surface of type Bl or B2 (cf. gH 

In this section we describe in detail the three families of Campedelli 
surfaces with vrf^ of order 9 (i.e., type A, type Bl, type B2). The 
notation is consistent with the previous section. 

The examples are obtained as quotients of surfaces Y with Ky = 18, 
Pg{Y) = 8 and q(Y) = by a group G of order 9 acting freely. 

In each case Y is the minimal resolution of a surface V of with 
canonical singularities, obtained as the intersection of a normal three- 
fold C of degree 6 with a cubic hypersurface. The line bundle 
Oiy(l) is equal to —2K]v and the surface V is contained in the smooth 
part of W, hence by adjunction Ky = Oy(l). (W is actually smooth 
in cases A and Bl and it is a cone over a smooth surface of in 
case B2). It is then easy to check that V has the right invariants: 
Ky = 18, Pg{V) = 8, q{V) = 0. By construction, the threefold W is 
the intersection of all the quadrics containing V. 

The group G acts on ly C P'' and the action is free on W out- 
side a finite set. We choose a linearization of Owi'i) and we let 
Ti C H^{Ow(y3)) be the space of invariant sections with respect to 
this linearization. Then we show that the linear system |Ti| is free on 
W, so that the general ^ G |Ti| satisfies the assumptions of Proposi- 
tion 12.31 and V/ G is the canonical model of a Campedelli surface with 
vrfs = G. In all the examples, the map H%0^7{3)) H%OwiS)) is 
surjective, so that V is cut out on ly by a cubic hypersurface of P^. 

Remark 3.2. In the above construction, the chosen linearization of 
Ciy(3) induces a decomposition into G-eigenspaces: 

For every x G G* the linear system |T^| consists of G-invariant surfaces, 
hence one could hope to obtain surfaces with the required properties 
also for some character x 7^ 1- K turns out (cf. Lemma [5.71) that this 
is not possible because for every x 7^ 1 the system \T^\ has base points 
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with non trivial stabilizer in G, and therefore G does not act freely on 
the surfaces of \T^\ for x 7^ 1- 

Remark 3.3. In each example we compute the dimension of the in- 
variant subspace Ti by writing down a basis of it. Alternatively, the 
dimension of Ti can be computed by using the equivariant Riemann- 
Roch theorem ( [Relj . Corollary in (8.6)). 

3.1. Surfaces of type A. In this example G = Zg. 

We take W := x x and consider homogeneous coordinates 
(xo, xi), {yo, Hi), {zq, zi) on W and the corresponding affine coordinates 
X := Xi/xq, y := yi/yo and z := Zi/zq. 

We fix a primitive third root of 1 and we let a generator g of G 
act by 

(3.1) g: {x,y,z) h-^ {y,z,ujx). 

Note that the fixed points of g^ are the 8 points with the three affine 
coordinates x, y, z equal either to or to oo. 

Set H := Ovy(l) 1) !)• The linear system \H\ embeds W in P'' as a 
smooth threefold of degree 6. The action of G extends to and the 
projective representation of G on induces a linear representation on 
i/°(C»p7(3)), hence a linearization of 3H. Let Ti C H'^{W,3H) be the 
subspace of G-invariant elements. In affine coordinates a basis of Ti is 
given by: 

(3.2) 1, X + y + z , X y + y z + ujz X, x z + cuy x + cuz y 

x^y^ + y^z^ + z^x^, x^y'^z + ujy^z'^x + z^x'^y, 

x^yz^ + u/y^zx^ + z^xy'^, x^y^z^. 

Using this basis it is easy to check that the system |Ti| is free of di- 
mension 7. 

By Bertini's theorem, the general element of |Ti| is a smooth surface 
on which G acts freely. Let V & |Ti| be a surface with at most rational 
double points and not passing through the fixed points of g^. By ad- 
junction, the canonical divisor Ky is the restriction of if to hence 
Ky = 3H^ = 18. The adjunction sequence gives: PgiV) = 8, xiY) = 9) 
q(y) = 0. Set S := V/G. Then by Proposition 12.31 the surface S is the 
canonical model of a numerical Campedelli surface with vr^^^^ = G. 

Proposition 3.4. The family of surfaces of type A depends on 6 mod- 
uli. 

Proof. Consider Vi,V2 G |Ti| such that the surfaces Si := Vi/G and 
5*2 := V2/G are isomorphic. Since Vi is the (algebraic) universal cover 
of Si, the isomorphism 5*1 S2 lifts to an isomorphism Vi ^ V2. Since 
Vi and V2 are canonically embedded in P'', the isomorphism Vi ^ V2 
is induced by an automorphism 7 of P^. The threefold 1^ C P^ is the 
intersection of all the quadrics containing Vi, i = 1,2 (cf. [Kol Theorem 
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3.1]), and therefore 7 maps W to itself. Since every automorphism of 
W extends to F\ we may regard 7 as an automorphism of W. 

By construction, 7 belongs to the normalizer F of G in Aut W. Since 
the group G is finite, the connected component Fi of the identity in 
F is actually contained in the centralizer of G. In addition, if 7 is 
an element of Fi, then by continuity 7 does not permute the three 
copies of P^. Then it is easy to see that Fi consists of the maps of the 
form {x, y, z) 1— > {Xx, Ay, Xz) for A e C*. Hence we obtain a family of 
Campedelli surfaces with 6 moduli. □ 

Remark 3.5. The expected dimension of the moduli space of a mini- 
mal surface of general type S is 10x{S) — 2Kg = x{Ts)- In particular 
the expected dimension of the moduli space of Campedelli surfaces is 
equal to 6. 

Remark 3.6. J.H. Keum has kindly communicated to us an example, 
due to Persson, of a numerical Campedelli surface with nf^ = Zg. One 
can check that this example is given by the above construction. 

3.2. Surfaces of type Bl. In this example G = Z3. 

Wc take W to be the flag variety {xoyo + Xiyi + X2y2 = 0} C x P^*. 
Wc denote by H the restriction to W of Op2xp2*(l, 1), so that W is 
embedded by into P^ as a smooth threefold of degree 6. Let gi,g2 € 
G be generators acting on P^ by 

(3.3) {Xq, Xi, X2) ^ {Xq, UJXi,Uj'^X2), {Xq, Xi, X2) ^ (Xi, X2, Xq), 

where u; 7^ 1 is a third root of 1. The induced G-action on P^ x P^* 
obviously preserves W and it is easy to check that every nontrivial 
element of G fixes finitely many points of W . 

Notice that, although the action of G on P^ is not induced by a linear 
action, the corresponding action on P^ x P^* is induced by a linear G- 
action on i7°((!)p2xp2*(l, 1)). In particular, G acts on (!)p2xp2*(l, 1), on 
H and on their multiples. There is an exact sequence: 

^ ii'°(C>p2xp2.(2,2)) ^ ii"°(C>p2xp2*(3,3)) ^ H^{W,m) 0. 

The map i is multiplication by the invariant section x^yo + Xiyi + X2y2 
and thus it is equivariant with respect to the action of G. In particular, 
the subspace Ti C H^{W, 3H) on which G acts trivially is the image of 
the subspace Ri C i?°(Cp2xp2(3, 3)) on which G acts trivially. A basis 
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of which has dimension 12, is the following: 

{xl + xl + xDiy^Q + yl + yl), {xl + xf + x^iyoym), 

(xoXiX2)(i/o + yl + yl), ixoXiX2)iyoyiy2), 

{xlxi + xlx2 + xlxo){ylyi + yly2 + ylyo), 

{xlxo + xlxi + xlx2){ylyo + ylyi + yly2), 

{xlxi + ujxlx2 + uj'^xlxQ){ylyi + t^^i/i?/2 + ^^ylvo), 

{xIxq + cuxsXi + uj'^xlx2){ylyQ + cc^^i/a^/i + ^^Z/ol/s)) 

(xqXi + u;^XiX2 + t^X2Xo)(yoZ/i + ^yly2 + ^'^yho): 

{xlxo + u?x\xx + u;a;oX2)(yi?/o + ^ylvx + ^'^ylv^)-, 

{xl + wx? + + + ^yl). {^l + ^^a;? + ujx\){yl + ^yi* + uj'^yl). 

Next we write down a basis of the subspace of iJ''((9p2xp2*(2, 2)) on 
which G acts trivially: 

22, 22, 22 

x\y\y2 + a;iyoy2 + 3:2^02/1, xiX2yl + + xoXi?/2, 

xoxiyoyi + xiX2yiy2 + X2Xoy2yo- 

It follows that the space Ti has dimension 12 — 4 = 8. Let zq, . . . zg be 
a basis of if°(Cp2xp2*(l, 1)) on which G acts diagonally. Then • • • ^1 
restrict on to elements of Ti, hence the linear system |Ti| is free. 

By Bertini's theorem, the general V E |Ti| is a smooth surface on 
which G acts freely. Let G |Ti| be a surface with at most rational 
double points and not passing through any point fixed by a nontrivial 
element of G. By adjunction, the canonical divisor Ky is the restriction 
of H to V, hence Ky = 3H^ = 18. The adjunction sequence forVcW 
gives: Pg{V) = 8, x{V) = 9, q{V) = 0. Set S := V/G. Then by 
Proposition 12.31 the surface S is the canonical model of a numerical 
Campedelli surface with vrf ^ = G. 

To compute the number of moduli for surfaces of type Bl we need 
the following description of Aut W: 

Lemma 3.7. There is an exact sequence: 

^ Aut p2 ^ Aut W ^Z2^0. 

In particular G, being of order 9, can he identified with a subgroup of 
Aut P2. 

Proof. Every automorphism g of extends naturally to an automor- 
phism of P2 X P2* that preserves the flag variety W . The Picard 
group of W is isomorphic to Z^, since is a P^-bundle over P^. Set 
Hi := Cvk(1, 0), H2 := Cvk(0, 1). The classes of Hi and H2 are a basis 
of H'^iW, Q) and they satisfy Hf = Hi = 0, HiK^ = H2KI, = 12. It 
is easy to check that these numerical conditions characterize Hi and 
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H2. Hence every automorphism 7 of ly either preserves the classes of 
Hi and H2 or it exchanges them. The map a : Aut W ^ 7^2 sends 7 
to in the former case and to 1 in the latter case. Clearly the map a 
is not trivial and its kernel contains AutP^. 

Now let g G ker a. Then g induces an automorphism (71 of = |* 
and an automorphism g2 of P^* = |i^2|* such that the automorphism 
91 X 92 of X P^* restricts to g on W. Since the flag variety W is 
preserved, it follows that g2 is equal to ^gi^, hence g is in the subgroup 
Autp2. □ 

Proposition 3.8. The family of surfaces of type Bl depends on 7 
moduli. 

Proof. By the argument in the proof of Proposition 13.41 it is enough to 
show that the centralizer F of G in Aut W is discrete. 

Let Fi be the connected component of the identity in F and let 
7 G Fi. By Lemma [3.71 and by continuity, 7 is induced by an element 
of Aut P^, that we again denote by 7. Since 7(77"^ = g for every g & G, 
7 permutes the fixed points of g hence, again by continuity, the fixed 
points of g on P^ are also fixed points of 7. Since the set of points in 
P^ that are fixed by a nontrivial g & G consists of 12 points in general 
position, 7 is the identity. □ 

Remark 3.9. As we recalled in Remark 13.51 the expected dimension 
of the moduli space of Campedelli surfaces is 6. To the best of our 
knowledge, the surfaces of type Bl are the only known example where 
the actual dimension exceeds the expected one. 

Remark 3.10. The first known example of a numerical Campedelli 
surface with torsion Z| is due to Xiao Gang, |Xill Example 4.11]. A 
particular case of the construction above has been kindly communi- 
cated to us by JongHae Keum, who attributes it to Xiao Gang and 
Beauville. See also |CMPj . Example 2 of §5. 

3.3. Surfaces of type B2. This is the second example with G = Z3. 
It is also the only example in which W is singular. 

Let e: —y F"^ he the blowup at the three coordinate points. The 
G-action on P^ defined in 13.31 extends to a G-action on S. 

The action on P^ does not lift to a linear action on H^{Op2[l)), but 
it induces a natural linear action of G on H^{Op2[3)) that preserves the 
subspace T of sections vanishing at the coordinate points. Let xi ^ G* 
be the character such that Xi{9i) = ^1 Xii.92) = 1 and let X2 be the 
character such that X2{gi) = 1, X2{g2) = ^- The following is a basis 
of the vector space T consisting of eigenvectors for the G-action. We 
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write the corresponding character next to each element: 

(3.4) xlxi + xlx2 + xIxq (1,0); x^Xq + xlxi + xlx2 (2,0); 
x^Xi + ujx\x2 + oj'^x\xq (1,2); xIxq + ujx\xi + uj'^x1x2 (2,2); 

2 ,22 I 2 f^ ^\ 2 ,22 , 2 ^\ 

XqXi + uo X1X2 + UJX2XQ (1,1); XiXq + uj X2X1 + ujXqX2 (2,1); 
X0X1X2 (0,0). 

We fix homogeneous coordinates (%) on P'', for (i,j) G Z| \ {(0,0)}, 
and we let G act on via the character XiXt Let P be the point whose 
only nonzero coordinate is 2:01 and identify with the G-invariant 
hyperplane 201 = 0. The rational map 

p2 ^ p6 ^ p7 defined by 

(3.5) Z12 = XqXi + X1X2 ~\- X2X(), Z22 = X^Xq + X2X1 + XqX2, 

Zll = X^Xi + UJx\x2 + Uj'^x\xq, Z21 = xfxo + UJx\xi + Uj'^x1x2, 
= X^Xi + Uj'^x\x2 + UJx\xq^ Z20 = xfxo + u'^X^Xi + UJx1x2, 
Z02 = X0X1X2 

induces a G-equivariant embedding S — > C P^. Notice that the em- 
bedding is not induced by a G-equivariant embedding T — *• if°(Cp7(l)). 
Indeed by (13.41) the representation of G on T differs from the one in- 
duced by the representation on if°(Cp7(l)) by multiplication by xi- 
This is due to the fact that we have chosen the linearization of H^{Op7[l)) 
so that it will agree with the one induced by the identification with 
H^{V,Kv), where V is any of the surfaces that we are constructing. 
Since by Proposition 12.41 the space H^{V,Kv) has no trivial subrepre- 
sentation, there is no G-equivariant embedding T ^ if°((9p7(l)). 

Let W be the cone over S with vertex P. W is a. singular threefold 
of degree 6 and it is mapped to itself by the G-action. We now show 
that every nontrivial element of G has only isolated fixed points on W. 

Notice that every fixed point of g E G on W \ {P} lies on the line 
joining the vertex P to a fixed point of g on E. 

Consider first an element g ^ (gi)- One checks that g has 3 isolated 
fixed points Qi,Q2,Q3 on E, none of which satisfies 2:02 = 0. By as- 
sumption, X2{g) = with a = 1 or a = 2. Hence g acts by multiplying 
the coordinate 2:01 by cu" and the coordinate 2:92 by cu^". Thus g acts 
nontrivially on the line PQi, for i = 1,2,3 and P,Qi,Q2,Q3 are the 
only fixed points of g on W. Consider now g = gi. The fixed points of 
gi on E are the six points that lie on two of the — 1-curves contained 
in E. If Co is the strict transform of the line xq = (say), then cq is 
embedded in P^ by the following map: 

Z02 = 0, 2;i2 = Xi, Z22 = X2, Zio = Uj'^Xi, 
Z20 = Uj'^X2, Zii = UJXi, Z21 = UJX2, 

The two fixed points of gi on cq correspond to the points Qi of coordi- 
nates Xi = 1, X2 = and Q2 of coordinates Xi = 0, X2 = 1. Hence the 
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action of gi on the lines PQi is nontrivial (for i = 1,2). Since the set 
of fixed points of gi on E is the union of the G-orbits of Qi and Q2, 
the previous computation shows that the fixed points of gi on W are 
P and the points Qi, . . . ,Qe G S. 

Consider now the subspace Ti C if°(Oi4/(3)) on which the G-action 
is trivial. If we set 2; := 2:01, then we can write: 
(3.6) 

H^OwiS)) =< > (Bz^H\Oj,{l)) © zH\Oj,{2)) © if°((9s(3)), 

and this decomposition is compatible with the G-action. We identify 
H^{Oj:{i)) with the space of homogeneous polynomials of degree 3i in 
Xq,Xi, X2 that vanish of order at least i at the coordinate points of P^. 
Then the following is a basis of Ti. 

z^, z{xqXiX2 + uj'^x^X2Xo + UJX2X0X1), z {xlxf + uj'^ x^x^ + CO x^xl) 

™6 3 _[_ 6 3 _[_ 6 3 6 3 i 6 3 i 6 3 ^5 2 2 i ^5 2 2 i ^5 2 2 
1 ~^ 12 ~^ 2 0' 2 ~^ 10 ~^ 2 1' "^Q"^]^.-^2 ~'~ 12 ~^ 2 1 

44 ,44 ,44 33S 

<T^ /-y» <-yj _l_ If If —I— nf nf If ^ /y* /y* 

The dimension of Ti is equal to 8 and the corresponding linear system 
|Ti| is free, since all the cubic powers of the homogeneous coordinates 
Zij of restrict on W to elements of Ti. 

Let y G |Ti| be a surface with at most rational double points and 
not passing through the points fixed by a nontrivial element of G. Set 
Wo := Proj(OE © C's(l)) and let H be the tautological bundle. The 
system \H\ gives a morphism Wq W that contracts the divisor E "at 
infinity" to the vertex P of the cone and restricts to an isomorphism 
Wq \ E ^ W \ {P}- The surface V does not contain P, hence it can 
be identified with an element of \3H\ on Wq that we again denote by 
V. Using adjunction on Wq, one sees that the canonical divisor Ky 
is the restriction of H to V, hence Ky = 3H^ = 18. The adjunction 
sequence gives: PgiV) = 8, x(^) = 9' li^) = 0- Set S := V/G. Then 
by Proposition 12.31 5* is the canonical model of a numerical Campedelli 
surface with vrf ^ = G. 

Proposition 3.11. The family of surfaces of type B2 depends on 6 
moduli. 

Proof. By the argument in the proof of Proposition 13.41 it is enough to 
show that the centralizer P of G in Aut W is discrete. 

Let Pi be the connected component of the identity in P and let 
7 G Pi. The containing S is mapped to iself by 7, and by continuity 
7 maps each of the 6 lines of S to itself. Hence the restriction of 7 to 
S is induced by an element of AutP^, that we denote by 70. Arguing 
as in the proof of Proposition 13.81 one shows that 70 is the identity on 
P^, hence 7 restricts to the identity on P® D E. Thus the connected 
component of the identity in P consists of the automorphisms that 
multiply Zqi by A G C* and do not change the remaining homogeneous 
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coordinates. Hence the surfaces of type B2 depend on 7 — 1 = 6 
moduli. □ 

3.4. A common construction. We describe a common construction 
of the surfaces of type Bl and B2, suggested to us by Miles Reid. 

Denote by Z C the Segre embedding of x P^* and let G act on 
Z C P^ as in the case of surfaces of type Bl. It is easy to check that 
the corresponding representation on H^{¥^, 0^&{1)) is the sum of the 9 
characters of G. We identify the group of characters G* with Zg as in 
§3.31 and we denote by Zjj homogeneous coordinates on P^ such that G 
acts on Zij via the character (i, j). The hyperplane zqq = cuts out on 
Z the flag variety xqi/o + xiyi + X2I/2 = and the hyperplane zqi = 
cuts out on Z the invariant hypersurface xqi/o + u^xiyi + 00^x21/2 = 0. 
Set E := Z n {2:00 = -201 = 0}. The surface E is a smooth G-invariant 
Del Pezzo surface of degree 6 in P^ and the G-action on S coincides 
with the action given in 13. 3[ 

Consider now homogeneous coordinates Zij,w on P^, identify P® with 
the hyperplane w = and let K be the cone over Z with vertex P := 
[0, . . . 0, 1]. Extend the G-action to P^ by letting G act on w via the 
character (0, 1). 

Set Ri := i7°(0p9(3))*^. The cubes zfj, of the coordinates belong 
to Ri, hence the system is free. Let now V be the surface obtained 
by intersecting K with an element of |-Ri|, the hyperplane Zqo = and 
a hyperplane of the form A^oi + = 0. The general V is smooth by 
Bertini's theorem. Assume that V has at most canonical singularities. 
If A = 0, then V/G is a surface of type B2 and it is clear that every 
surface of type B2 can be obtained in this way. If A 7^ 0, then V/G is 
a surface of type Bl and every surface of type Bl can be obtained in 
this way, for instance taking /i = 0. 

In particular, this construction proves the following: 

Proposition 3.12. Let S be a surface of type B2. Then S is a limit 
of surfaces of type Bl. 

Remark 3.13. In all three cases the general hyperplane section of W 
is the smooth Del Pezzo surface E of degree 6 in P^, hence W can 
be deformed to the cone over E. By the above construction, in case 
Bl it is possible to preserve the Z|-action in the deformation. This 
is not possible in case A. Indeed the limit cone would have a smooth 
Zg-invariant hyperplane section, while P^ x P^ x P^ has no such section. 

4. Geometry and moduli 

In this section we study some geometrical properties of numerical 
Campedelli surfaces with vrf^ of order 9 and of their moduli space. 
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4.1. Moduli. Notice first of all the following consequence of Theo- 
rem [HIU 

Proposition 4.1. The canonical divisor Ks of a general numerical 
Campedelli surface S with iTf^{S) of order 9 is ample. 

Proof. The statement is immediate by Theorem 13.11 and by the descrip- 
tion of the three families of surfaces in §3. □ 

The next result describes the moduli space of Campedelli surfaces 
with Ivrf^^l = 9: 

Theorem 4.2. Let M. he the moduli space of numerical Campedelli 
surfaces, let M.a CI M. he the suhset of surfaces with vrf ^ = Zg and let 
A^B C 7W he the suhset of surfaces with vrf^ = Z|. Then: 

(i) M.A o,nd M.B o-f^^ connected components of Ai; 

(ii) AiA is irreducihle of dimension 6; 

(iii) M.B is irreducihle of dimension 7. 

Proof. Since vrf^ is the profinite completion of tti, it is a topological 
invariant. Thus M.a and M.b are open and closed in M.. By Theo- 
rem [Hill (i), the points of M.a correspond to the surfaces of type A, 
hence A^yi is irreducible of dimension 6 by Proposition 13.41 By Theo- 
rem [3]T], (ii), the points of correspond to the surfaces of type Bl 
and B2. By Proposition 13. 121 the surfaces of type B2 lie in the closure 
of the set of surfaces of type Bl. In turn, the surfaces of type Bl form 
an irreducible subset of dimension 7 by Proposition 13.81 □ 

4.2. The topological fundamental group. Having an explicit con- 
struction of Campedelli surfaces with | vrf ^ | = 9 allows one to determine 
also the topological fundamental group. 

Proposition 4.3. Let S he a numerical Campedelli surface such that 
7rf^(5') has order 9 (TorsS* has order 9). Then txi{S) = nf^^S). 

Proof. The group TorsS* is the largest abelian quotient of 7rf^(S'). 
Thus, by Proposition 12. H the group Tors S has order 9 if and only 
if 7rf^(5') has order 9. 

Assume that this is the case. Then it is enough to prove the state- 
ment for one surface in each irreducible component of the moduli space 
of numerical Campedelli surfaces with nf^ of order 9. If S" is a surface 
of type A or Bl with Ks ample, then y is a smooth ample divisor in- 
side a smooth simply connected threefold. Hence V is simply connected 
by the Lefschetz theorem on hyperplane sections and it is actually the 
universal cover of S. By Theorem 14. 2[ this proves the statement. □ 

4.3. The bicanonical system. We now study the bicanonical system. 
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Theorem 4.4. Let S be a numerical Campedelli surface such that 
nf^{S) has order 9 and let T be the base locus of the bicanonical system 
\2Ks\. Then: 

(i) if S is of type A, then T consists of two points; 

(ii) if S is of type Bl then V is empty; 

(iii) if S is of type B2, then T consists of two points. 

Remark 4.5. Recall that, excluding the case = 1, pg = 0, the 
bicanonical map of a minimal surface of general type is generically 
finite ( iXil ) and it is a morphism if either > or > 4 (cf. |Ci]). 
To our knowledge, surfaces of type A and of type B2 are the only known 
examples of surfaces of general type with > 1 whose bicanonical 
map is not a morphism. 



Proof of Theorem \4-4\ We use the notation introduced in the previous 
sections. 

Denote by X the canonical model of 5*, denote hy p: V X the 
quotient map and by e: S ^ X the minimal resolution. Since |2i^'5'| = 
e*\2Kx\, we study the base locus of |2i^'x|- Assume that S* is a surface 
of type A. In this case W is the Segre embedding of x x P^ 
in P'' and a generator (7 G Zg acts on W as fl3.1l) . The G-action on 
W induces an action on H^(Ow{^)) which is determined only up to 
multiplication by an element of G* . Let ^ be a primitive 9-th root of 1 
and denote by x the character such that x(fi') = C- If we require that 
the representation on H^{Ow{^)) does not contain the trivial character, 
then the representation is determined uniquely and the following is a 
basis such that G acts on Zj as multiplication by x^'- 

zi:= z + (^y + C^x, z^ 



zg := xy + C%z + Cxz, Z2 

^3 '■= 1) ^6 



xy + Cyz + C^xz, 
xy + Cyz + C^xz, 

xyz. 



By Proposition 12.41 this choice of action on H^{Ow{^)) gives a G- 
isomorphism of H'^{Ow{l)) with H%Kv) = H^{Ky). 

The threefold W is projectively normal, hence V", being cut out on W 
by a cubic hypersurface, is also projectively normal. Thus p*H^{2Kx) 
is generated by the restrictions to V of the four quadrics ZiZQ_i, for 
i = 1, . . . ,4. It is not difficult to check that the zero locus on W of 
these quadrics is the union of the following curves: 

(4.1) L,:={x = y = 0}, L2 := {x = z = 0}, L3 := {y = z = 0} 
:= {x = y = 00}, := {x = z = 00}, Lq := {y = z = 00} 

The surface V does not contain any of the curves Lj, since the G action 
on V is free, while the points (0, 0, 0) = Li fl L2 H L3 and {00, 00, 00) = 
L4 n L5 n Lq are fixed points of G. Moreover, each of the Lj is mapped 
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to itself by g^. It follows that for every i = 1, . . . , 6 the set V (1 
consists of 3 distinct points, which form an orbit for the action of g^. 
In particular for i = 1, . . . , 6 the points of V Ci are smooth for V. 
Hence p*\2Kx \ has 18 base points and |2_ft'x| has two base points. Since 
the base points of 1 27^^x1 are smooth points of X, also |2i^'5'| has two 
base points. 

Assume now that S* is a surface of type Bl or B2, so that G = Zg. 
In both cases the G-action on W and on is induced by the G-action 
on of (13. 3p . Let xi be the character of G such that Xi{9i) = 
Xi{g2) = 1 and let X2 be the character such that X2(fi'i) = 1, X2(fl'2) = uj. 
Denote by (%), for G Zg \ {0}, homogeneous coordinates on 
such that G acts on Zij as multiplication by XiXi- Arguing as in the 
case of surfaces of type A, we have that p*\2Kx\ is generated by the 
restrictions to V of the following quadrics: 

(4.2) 

2^10^20) ZqiZo2, Zi2Z2l- 

Assume that 5* is of type Bl. Then up to multiplication by nonzero 
scalars we have the following equalities on W: 



Z20 ■= xoVo + ^xiyi + uj'^X2y2; zio 

Z02 ■= xoVi + xiy2 + X2yo] z^ 

Z22 ■= xoyi + ujxiy2 + uj^X2yo; Z21 

Z12 ■= xoyi + uj'^xiy2 + ujX2yo; zu 



xoyo + uj'^xiyi + ujX2y2] 
xm + xm + X2yi; 
xoy2 + ujxiyo + uj'^X2yi; 
xoy2 + uj'^xiyo + ujX2yi. 



An easy computation shows that the zero locus Sjj of Zij on is a 
smooth surface for every (0,0) 7^ (hj) G Z|. Hence Sj^ is a smooth 
Del Pezzo surface of degree 6 and, in particular, it contains six lines, 
that we denote by for i G Zg. The lines Cj form an "hexagon", 
namely we can arrange the indices in such a way that Cj fl ej is a point 
a i — j = ±1 and it is empty otherwise. The points Ri := fl Cj+i 
are distinct for z G Zg. The group G preserves the set {ei, . . . ,6^}. 
Considering the intersection numbers CiCj, one sees that an element of 
G either maps each to itself or it induces a "rotation" of order 3 of 
the hexagon. Notice that the whole group G cannot act trivially on 
{ei, . . . , eg}, since otherwise the points Ri, . . . , -Rg would be fixed by 
all the group. 

Hence, if we denote by eij : Ey P^ the birational morphism that 
blows down ei, 63, 65, then the G-action on Ejj descends to a G-action 
on P^. Since G acts freely on W, and hence on Sjj, outside a finite 
set, by Lemma 15.51 it follows that the action of G on Sj^ is the one 
described in §3.31 In particular, the G-invariant hyperplane sections 
of Ejj are those defined by the equations (13. 5p . In particular all these 
sections are irreducible except one, which is the union of the six lines 
of Ejj. (It is not difficult to convince oneself that the reducible section 
is given by Z2i2j = 0).) So for every choice of («i, ji), . . . , (^4, j4) G Z| 
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such that {ir,jr) + {is,js) 7^ (0,0) for 1 < r, s < 4, the intersection 
of W with the subspace Zj^j^ = . . . = Zi^j_^ = is a G- invariant set, 
properly contained in a hyperplane section of the smooth elhptic curve 
Ej^j^ n Sjjjj. Hence this set has at most six points, all of which have 
nontrivial stabilizer. So the base locus Fq on W of the quadrics (14. 2 p 
is a finite set (it is easy to check that Fq is nonempty) and every point 
of Fq has nontrivial stabilizer. Since G acts freely on V, it follows that 
y flFo = 0. So the system p*\2Kx\ is free and, as a consequence, 1 27^^x1 
and \2Ks\ are also free. 

Assume now that S is of type B2. We use the notation of §3.31 and, 
as in the case of surfaces of type Bl, we study the zero set on W of the 
quadrics fl4.2l) . Write S for the intersection of W with zqi = 0, namely 
S is the only G-invariant section of W not containing the vertex P of 
W. Take (ii, ji), • • • , (^4, 74) e Z| such that (v,jr) + {is,js) ^ (0,0) 
for 1 < r, s < 4. Up to permuting the indices, we may assume that 
(iiji) = (0, 1) or (ii, ji) = (0,2). If (ii, ji) = (0, 1) then we may argue 
as in the previous case and show that the intersection of W with the 
subspace Zqi = Zi^j^ = Zi^j^ = Zi^j^ = is a finite set all of whose points 
have nontrivial stabilizer. 

Now assume that (ii, ji) = (0,2). Then the intersection of W with 
the subspace ^02 = Zi2j2 = ^iaja = ^idi = is the join of P and of 
the intersection of S with the subspace Z02 = Zi^j^ = Zi.^j.^ = Zi^j^ = 0. 
By the formulae (13. 5p . as the indices {i2, j2), {is, js), {u, Ja) vary one 
obtains the six points of intersection of the six lines of E. Summing 
up, the zero set on W of the quadrics (14. 2 p is the union of finitely 
many points with nontrivial stabilizer and of six rulings of W. The 
same argument that we have used for surfaces of type A shows that 
12/^x1 has two base points, that are smooth for X, and thus \2Ks\ also 
has two base points. □ 



5. Proof of the classification 

This section proves the classification theorem 13.11 We use freely the 
notation and the assumptions of §2. 

Recall that the universal cover y of 5 satisfies Ky = 3pg{Y) — 6. A 
detailed study of surfaces satisfying this relation has been carried out 
by Konno ( |Koj ) . We recall here some of his results. By Proposition [2121 
(ii), the surface Y belongs to type I in Konno's classification. Denote 
hyVcF'^ the image of the canonical map cp: Y ^ F"^ and by W the 
intersection of all the quadrics of containing V. The natural linear 
G-action on Ky) descends to a G-action on = F{H^{Y, Ky)*) 

that preserves V and W. 

Following Fujita, we define the A-genus of a projective variety W of 
P" as deg W + dim W - n- 1. 
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Proposition 5.1. |Koj The variety W has dimension 3 and A-genus 
or 1. Furthermore: 

(i) ifW has A-genus 0, then it is a rational normal scroll and the 
ruling of W induces a fibration V ¥^ whose general fibre is 
a smooth plane quartic; 

(ii) ifW has A-genus 1, then W is normal and V is the intersec- 
tion ofW with a cubic hyper surf ace. Moreover, in this case the 
canonical ring ofY is generated in degree 1, hence the canon- 
ical map is a morphism and V is the canonical model ofY. 

Proof. Cf. |Ko] . Theorem 3.1, Theorem 4.2, Theorem 6.2. The state- 
ment on the normahty of W and on the generation of the canonical 
ring of Y is contained in the proof of Theorem 3.1 of |Ko] (cf. 3.6, 
ibid.). □ 

We will see that in our case W has A-genus 1. In order to prove this 
we need the following: 

Lemma 5.2. The surface V does not have a G-invariant free pencil 
\F\ of curves of genus g{F) < 4. 

Proof. Assume that such a pencil \F\ exists and denote by \F'\ the 
pencil induced by |F| on 5*. 

Let H be the subgroup of G consisting of the elements that act 
trivially on \F\ and let h be the order of H. The general F' is isomorphic 
to F/H for some F, hence g{F') = 1 + {g{F) - l)/h (recall that H 
acts freely). Since g{F) < 4, we either have h = 1 and g{F) = g{F') 
OTh = 3, g{F) = 4, g{F') = 2. 

If /i = 1, then G = Zg, since Aut |-F| = AutP"*^ does not have a 
subgroup isomorphic to Zg. But then \F'\ is a pencil of genus < 4 with 
two fibres of multiplicity 9, contradicting the adjunction formula. 

If h = 3, then the pencil \F'\ has two triple fibres, corresponding to 
the two fixed points of the action of G/H on = \F\. This again 
contradicts the adjunction formula, since g{F') = 2. □ 

Proposition 5.3. The threefold W CF"^ has A-genus 1. 

Proof. By Proposition 15.11 it is enough to exclude that is a rational 
normal scroll. So assume by contradiction that this is the case and 
denote by / : ^ — >■ the fibration induced by the ruling of W. The 
general fibre F of / is smooth of genus 3 by Proposition 15. Ij (i), and 
by construction the G-action on V preserves the fibration /. This 
contradicts Lemma [5. 2 [ □ 

Since W has A-genus 1 by Proposition 15.31 it follows by Proposi- 
tion 15.11 (ii) that the canonical image \^ of y is the intersection of W 
with a cubic hypersurface. As a consequence, we get the following: 

Corollary 5.4. The G-action on P'^ restricts to an action on W which 
is free outside a finite subset ofW. 
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Proof. As already remarked, G acts on V G W G compatibly. By 
Proposition 15.11 and Proposition 15. 3[ the surface V is the canonical 
model of Y and thus G acts freely on V. Since by Proposition 15.11 (ii) 
the divisor V G W is very ample, it follows that the set of points of W 
with nontrivial stabilizer has dimension < 0. □ 

We also need the following two elementary results. 

Lemma 5.5. Assume that G = Zg acts on such that the action 
is free outside a finite set. Then we can choose generators gi,g2 G G 
and homogeneous coordinates {xo, xi, X2) on so that the action is as 
follows: 

gi : (xo, Xi, X2) ^ (xo, uJXi, c^^Xz), 5'2 : (a^o, a^i, X2) ^^ (xi, X2, Xq), 
where uj ^ 1 is a third root of 1. 

Proof. The fixed locus of a nontrivial element gi & G consists of three 
points. In suitable homogeneous coordinates the action of gi is given 
by: 

gi: (xo,Xi,X2) ^ (xq, cjxi, w^Xs). 

Now consider g2 & G \ (gi) . The element (?2 acts on the fixed points of 
gi. If this action is trivial, then g2 acts by: 

g2: (xo,xi,X2) ^ (xq, u;"xi, u;^X2), 

for some a,h E^L^X {0}. Then either gig2 or gig2 fixes a line pointwise, 
contradicting the assumptions. Hence we conclude that g2 permutes 
the fixed points of gi cyclically. Up to rescaling the coordinates, and 
possibly replacing g2 by the action can be written as stated. □ 

Lemma 5.6. Let G he a group of order 9 that acts on P^ x P^ x P^ 
such that the action is free outside a finite subset. If G permutes the 
three factors of P^ x P^ x P^ in a nontrivial way, then G = Zg and 
there are affine coordinates x,y,z on the three copies o/P^ such that a 
generator g of G acts by: 

g: {x,y,z) ^^ (y,z,a;x), 

where u is a primitive third root of 1. 

Proof. The G-action permutes the three factors of P^ x P^ x P^, hence 
induces a homomorphism ip: G ^ S3, which is nontrivial by assump- 
tion. Thus the image of ip has order 3. 

Assume that G = Z| and let g E G be such that ipio) = (123). Then 
there are affine coordinates x.y, z on the three copies of P^ such that g 
acts as follows: 

g: {x,y,z) f-^ iy,z,x). 

Hence g fixes pointwise the diagonal {(P, P, P) : P G P^}, contradicting 
the assumptions. 
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Thus G = Zg. Let (7 G G be an element such that ipio) = (123) 
(notice that g generates G). Then in suitable coordinates the action of 
g can be written as claimed. □ 

The G-action on H%Y,Ky) = i^°(P^ Cp7(l)) = H%W,Ow{l)) in- 
duces a linearization of the line bundle Cvi/(3) and therefore a decom- 
position 

H\W,Owm= ^T^, 

xeG* 

where denotes the eigenspace corresponding to the character x- In 
particular, Ti is the subspace of G-invariant vectors. The following 
remark will be useful in determining the subsystem of |(9vk(3)| which 
parametrizes the surfaces V. 

Lemma 5.7. Let P E W be a point which is fixed by some nontrivial 
element g E G. If the system \Ti\ is free, then P is a base point of \T^\ 
for every x such that x{g) 7^ 1- 

Proof. Let x G G* be a character such that xio) 7^ 1- Fix a section 
(To G Ti such that cro(P) 7^ 0. For any o" G \T^\ consider the rational 
function /o- := The function f„ is defined at P and one has: 

fAP) = U9{P)) = x{g-')f.{P)- 

It follows that /^(P) = and thus also a(P) = 0. □ 

Varieties of A-genus 1 have been classified by Fujita (cf. jFulj . |Fu2] . 
[Fu3j ). We recall that by Proposition l5.ll (ii) the threefold W is normal. 
Here is the list of normal threefolds of A-genus 1 in P'' (cf. |Fu3] ) : 

1) the cone over a (weak) Del Fezzo surface S C of degree 6; 

2) the Segre embedding of P^ x P^ x P^ into P^; 

3) the image of the flag variety {xqI/o +2^11/1 +3^2^/2 = 0} C P^ xP^* 
under the Segre embedding of P^ x P^*. 

4) four singular examples that are not cones. In the notation of 
|Fu3] ■ these are the cases (vi), (si31i), (si22i), (si211). 

To prove Theorem 13.11 we examine cases l)-4) separately. We start by 
showing that case 4) does not occur. 

Case 4) Consider first case 4). \iW is of type (vi), (si31i) or (si22i), 
then by [Fu3i Theorem 2.9] the singular locus of W consists of a line r 
and, in case (vi), possibly also of an isolated double point. Hence the 
line r is mapped to itself by the action of G on P''. Then Z := V Dr 
is the intersection of r with a cubic hypersurface and G acts freely on 
Z. This is not possible, since Z is either equal to r or it consists of at 
most 3 points. 

If W is of type (si211), then by ^Pu3j it is contained in the cone K over 
M := P(Opi(l) © Opi(l) © Opi(2)) embedded in P^ by its tautological 
system. We denote by P the vertex of K. By |Fu3t Theorem 2.9] P 
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is the only isolated double point of W, hence P is a fixed point of G. 
Notice, in particular, that V does not contain P. Let C P"^ be the 
G-invariant hyperplane not containing P and let g: P^ — P® be the 
projection with center P. The threefold q{W) is G-invariant and it 
is isomorphic to M. Hence the map V F-^ obtained by composing 
the projection q with the ruling M — > P^ gives a free pencil of curves 
\F\ which is acted on by G. A general F is the intersection in P^ of 
a cubic (given by the cubic equation of V) and a quadric through P 
(corresponding to W) and therefore it has genus 4. Hence we have a 
contradiction to Lemma 15.21 

Case 1) We show that this case corresponds to surfaces of type B2. 

First of all we show that we have G = Zg in this case. The vertex P 
of the cone is a fixed point of the G-action on P^. In particular, V 
does not contain P. 

Since the G-action on P^ is induced by a linear representation of G 
on i7°(Cp7(l)) = H^(Y,Ky), there exists a G-invariant P*^ C P^ that 
does not contain P. Let S := fl P^. Then S is a (weak) Del Pezzo 
surface of degree 6 preserved by the G-action. 

The projection from P^ —>■ P^ with center P restricts to a G-invariant 
degree three morphism p: V H. If a point Q G S is fixed by every 
element of G, then G permutes the points in the fibre p~^{Q), which 
consists of at most three points. Since G has order 9, this contradicts 
the assumption that G acts freely on V. In particular, G cannot be 
cyclic, since every automorphism of a rational surface has at least one 
fixed point. So G = Z|. 

The same argument shows that the Del Pezzo surface S is smooth. 
Indeed, by |Nal Theorem 8] , S is the blowup of P^ along a curvilinear 
scheme Z of dimension and length 3. If Z is not reduced, then E 
is singular and it has precisely one singular point, which is necessarily 
fixed by every element of G. 

Arguing as in the proof of Theorem 14.41 one shows that there is 
a birational morphism e: S ^ P^ such that e contracts three disjoint 
lines of S to the coordinate points of P^ and the G-action on E descends 
to a G-action on P^. Assume that this last action is not free outside a 
codimension 2 subset of P^. Then there exists g E G, g 0, that fixes 
a line r of P^ pointwise. Since G is abelian, we have g'{r) = r for every 
g' G G. In particular, r does not contain any of the exceptional points 
of e~^, since these are linearly independent and they are permuted 
cyclically by G. Now let g' E G he such that g,g' generate G and let 
A E r he a point such that g'{A) = A. Then the point A is fixed by all 
the elements of G and therefore the point e^^{A) G S is also fixed by 
every element of G, contradicting the remarks above. 

Thus we conclude that G acts freely on P^ outside a finite set and 
that for a suitable choice of homogeneous coordinates of P^ the G-action 
can be written as in Lemma 15.51 
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Hence we may assume that the G-action on is the one described in 
§3.31 The point P, being invariant for all the group G, is a coordinate 
point of P^. Let Zij denote the only coordinate that does not vanish 
at P, so that the invariant C P^ that does not contain P is defined 
by Zij = 0. The representation of G on H^{Oj>6{l)) contains all the 
nontrivial characters of G except XiXi (see §3.31 for the notation). In 
turn, if°(Op6(l)) is isomorphic to the subspace T C if°(Op2(3)) of 
cubics vanishing at the coordinate points of P^ and the G-action on 
T induced by this isomorphism differs from the action given in (13 .4^ 
by multiplication by a character of G. Hence we have = (0,1) 

or (z,j) = (0,2). It follows that, possibly up to replacing gi by gf, 
the embedding S C P^ C P'' is induced by the rational map (13.51) . By 
Proposition 15.11 (ii), V is an element of |Cvy(3)| that is G-invariant, 
hence there is a. x ^ G* such that V G |T^|, where C H^{Ow{'i)) 
is the eigenspace corresponding to x- We have seen in §3.31 that the 
system |Ti | is free. Hence by Lemma I^TTl the vertex P of ly is in the base 
locus of the system |T^| for every 1 ^ x ^ G* . Since G acts freely on 
V, it follows that V belongs to |Ti| and the minimal desingularization 
of S := V/G is a surface of type B2. 

Case 2) We show that this case corresponds to surfaces of type A. We 
use the notation of §3 for the homogeneous and affine coordinates on 
= pi X pi X pi. 

For i = 1,2,3, the projection onto the i-th factor pi: W re- 
stricts on to a free pencil of genus 4. By Lemma 15.21 these pencils 
are not G-invariant, hence there is at least an element of G that per- 
mutes them. Since G acts freely outside a finite subset, by Lemma 
we have G = Zg and G acts as in Lemma 15. 6[ 

By Proposition 15. Ij (ii), V is an element of |(9vk(3)| that is G- 
invariant, hence there is a x ^ G* such that V G |T^|, where C 
if°(Cvi/(3)) is the eigenspace corresponding to x- We have seen in §3.11 
that the system |Ti| is free. Let Q & W he the point with affine co- 
ordinates X = y = z = 0. The point Q is fixed by all the group G, 
hence, by Lemma [5?71 Q is in the base locus of the system |T^| for every 
1 7^ X ^ G*- Since G acts freely on V, it follows that V belongs to |Ti| 
and the minimal desingularization of S := V/G is a surface of type A. 

Case 3) We show that this case corresponds to surfaces of type Bl. 

Here W is the fiag variety {xqI/o + XiHi + X2I/2 = 0} C P^ x P^*, 
embedded in P^ as a hyperplane section of the Segre embedding P^ x 
p2* p8 (^pf g32]). By Lemma Em the action of G on is induced 
by a G-action on P^. The fixed points on W of an element g G AutP^ 
correspond to pairs (P, r) where P G P^ is a fixed point of g, r & P^* is 
a fixed line and P & r. Since G acts freely outside a finite subset of W, 
the elements of G have finitely many fixed points on P^ x P^*. Hence 
the G-action on P^ is free outside a finite subset of P^. Assume that 
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G = Zg and let g E G he a generator. Then there are homogeneous 
coordinates such that g acts by: 

{xo,xi,X2) ^ (xo,Ca;i,C''a;2), 

where C is a primitive 9-th root of 1. Then XqI/q and Xit/i restrict on 
W to independent sections of 0^^(1,1) that belong to the same G- 
eigenspace. This contradicts Proposition 12. 4[ Hence G = Zg and the 
action of G on can be written as in Lemma 15.61 

By Proposition 15.11 (ii), V is an element of |C^(3,3)| that is G- 
invariant, hence there is a x ^ G* such that V G |T^|, where C 
if°((9vi^(3, 3)) is the eigenspace corresponding to x- We have seen in 
§3.21 that the system |Ti| is free. We observe that for every ^ g E G 
there is a point Q E W such that gQ = Q. Thus by Lemma [5.71 Q is 
in the base locus of the system |T^| if ^((jf) 7^ 1. Since G acts freely on 
V, it follows that V belongs to |Ti| and the minimal desingularization 
of S := V/G is a. surface of type Bl. 
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